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Abstract 

In this paper we derive a gauge fixing identity by varying the covariant gauge fixing term in 
Z[A, J, rj, fj] in the background field method of QCD in pure gauge. Using this gauge fixing identity 
we establish a relation between Z[J, r/,r/] in QCD and Z[A, J,r],f]] in background field method of 
QCD in pure gauge. We show the validity of this gauge fixing identity in general non-covariant and 
general Coulomb gauge fixings respectively. This gauge fixing identity is used to prove factorization 
theorem in QCD at high energy colliders and in non-equilibrium QCD at high energy heavy-ion 
colliders. 
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I. INTRODUCTION 

Background field method ot QCD wa= originally fonnnla.ed by Hooft fl and late. 

extended by Abbott ^. This is an elegant formalism which can be useful to construct 
gauge invariant (off-shell) green's functions in QCD. For example, certain properties of 
structure functions and/or fragmentation functions at high energy colliders and at high 
energy heavy-ion colliders may be studied by using these gauge invariant green's functions. 
This formalism is also useful to study quark and gluon production from classical chromo field 
[st via Schwinger mechanism jl], to compute /3 function in QCD jsf and to study evolution 
of QCD coupling constant in the presence of chromofield 

Unlike QCD, since the lagrangian density in the generating functional in the background 
field method of QCD is gauge invariant (even after quantizing the theory), this formalism 
may be useful to study properties of certain gauge invariant non-perturbative physical quan- 
tities in QCD. From this point of view it is desirable to find situations where we can relate 
generating functional in the background field method of QCD to the generating functional 
in QCD {i.e. QCD without the background field). In the presence of external sources a 
relation between the generating functional in QCD and the generating functional in the 
background field method of QCD in pure gauge 

TM;^(x) = -{d^U) U-\ U = e^s^"^''^") (1) 

may be useful in many physical situations. 

However, unlike QED finding an exact relation between the generating functional 
Z[J, rj, f]] in QCD and the generating functional Z[A, J, rj, f]] in the background field method 
of QCD in pure gauge is not easy. The main difficulty is due to the gauge fixing terms which 
are different in both the cases. While the Lorentz (covariant) gauge fixing term in QCD 
is independent of the background field A^, the background field gauge fixing term in the 
background field method of QCD depends on Q, Q]- Hence it might be useful to obtain 
a gauge fixing identity by varying the gauge fixing term in Z[A, J,ri,fi] in the background 
field method of QCD in order to find a relation between Z[J, ?7,f/] in QCD and Z[A, J,r],f]] 
in background field method of QCD in pure gauge. In QCD without background field, a 



general gauge fixing WT identity was obtained in jsl. 

In this paper we will derive a gauge fixing identity by varying the covariant gauge fixing 
term in Z[A, J, rj, r/] in the background field method of QCD in pure gauge. We will make a 



detailed analysis of this identity by using general non-covariant and general Coulomb gauge 
fixing terms. We will show that the gauge fixing identity holds for covariant, general non- 
covariant and general Coulomb gauge fixings respectively. Using this gauge fixing identity 
we will establish a relation between Z[J,r],f]] in QCD and Z[A, J,i],fi] in background field 
method of QCD in pure gauge. 



We have used this gauge fixing identity in jo] to prove factorization of soft and coUinear 
divergences at high energy colliders. We have also used this identity in to prove fac- 
torization of fragmentation function in non-equilibrium QCD which can be experimentally 
applicable at high energy heavy-ion colliders at RHIC and LHC [11]. 

The paper is organized as follows. We derive a gauge fixing identity by varying the 
covariant gauge fixing term in Z[A, J,ri,f]] in background field method of QCD in pure 
gauge in section II. In section III and IV we perform our calculation by using general non- 
covariant and general Coulomb gauge fixings respectively. We establish a relation between 
Z[J,ri,fi] in QCD and Z[A, J,ri,fi] in background field method of QCD in pure gauge by 
using this gauge fixing identity in section V. Section VI contains conclusions. 

II. DERIVATION OF GAUGE FIXING IDENTITY BY USING COVARIANT 
GAUGE FIXING 



In the background field method of QCD the generating functional is given by 

Z^[A,J,7],r]] = f [dQ][d^][d^] det(^^"^^^^ 

e 



m 



i J d^x[-lF-l,[A+Q]-^{G''{Q)f+i,I?[A+Q]i,+J-Q+vi,+v^] 



where the covariant gauge fixing term is 

G^iQ) = d.Q^^'^ + gr'^A^Q'^' = D^[A]Q'^'' (3) 
which depends on the background field A^. Under the infinitesimal gauge transformation 

/3 « 1, (4) 
the gluon field and the background field transform as follows Q 

SQ", = -gr''P\Al + QD + 9^/3" 

5AI = 0. (5) 



By changing Q — t- Q — A in eq. ([2]) we find 



Z^s \A, J, r/, r/] = e"* / '^'^^'^ / \dQ\ [#] [ti^/;] det( 



where the gauge fixing term from eq. ([3]) becomes 

G){Q) = d^Q^^ + gr'^A^Q^'' - S^A^'^ = D^[A]g''" - (7) 
and eq. ([5]) becomes 

SQ", = -gr'^P'Ql + d,p\ (8) 

Note that eq. ([H]) is precisely the gauge transformation in QCD without the background 
field. Hence we can anticipate a relation between QCD and the background field method of 
QCD when we relate /3"(a;) to the the background field v4^(x). For a pure gauge, is 
related to the background field in eq. ([1]). 

In QCD (without the background field) the covariant gauge fixing term is 

Gl{Q) = d,Q^\ (9) 

We write this as 

GliQ) = G%Q) + AG^(Q), AG'}(Q) = -gr'^A^Q^'^ + d^A'^\ (10) 

Using this in eq. ([6]) we find 

= e-/'^^^^-^ jmmm det(^i3M±^SM)) 

/ d''x[-\F-l,[Q]-^{G^j{Q)+/lG'^j{Q)f+i>m]i'+J-Q+n>P+ri'^]_ (^1) 

The ghost determinant becomes 

5(GKQ)+AGKg)) 5GJ{Q) 5^G^,{Q) 6^^ 



det(^)[l + C-^^ ^) + ...]. (12) 



.SG%Q) 6AG%Q) 

5(3^ ^ 5(3'^ 5G%Q) 

Using eqs. f lT2|) and in ffTTl) we find 



/[rfg][rf^][rf^] det(^SP) e^/<i^-[-ii^''^.[Q]-^{G^{Q))^+^W]^+i-Q+^^+.^-] 
[./ A|-^(AG5(Q))'^ - iGK«AGKQ)| + i'-^ ^) + ...]. (13) 



For infinitesimal gauge transformation we find from eq. (|8]) 

= Q> ar'^P'Ql + d,p^ = Ql + 5QI (14) 
Clianging tlie variables of integration from unprimed to primed variables in eq. ([6]) we find 

This is because a change of variables from unprimed to primed variables does not change 
the value of the integration. Under the infinitesimal gauge transformation, using eq. (fn|) . 



we find 



12| 



[dQ'] = [dQ] det[^] = [dQ] det[6'^' - gr'^f3^] 

= [dQ][l-tTgr'^P'^ + OiP') + ...] = [dQ][l + OiP') + ...] = [dQl (16) 



where we have made use of eq. (jlj). Similarly under this infinitesimal gauge transformation 
the fermion fields transform accordingly i.e. 

iP' = -^ + 6^, tl)' = %l) + dt/j. (17) 

Using eqs. ([H]) and ffT7|) we find 

[di^'][dij'] = [#][#], F^liQ'] = F'^lM, i^'mQ'W = i'l^m (18) 

which are gauge invariant. 

Using eqs. (fT6!) and (fTS!) in eq. (fT5|) we find 

Z^f [A, J, 7], f]] = e-' I '^'"■^■^ / [dQ] [#] [#] 



Let us consider the background field to be a pure gauge as given by eq. ([1]). For infinites- 
imal gauge transformation parameter /3, see eq. (jlj), we find from eq. ([1]) 

A^(x) = d^n^). (20) 

From eq. (I7l) we find 

G%Q') = a^g'^" + gr'^A^Q'^^' - d^A'^''. (21) 
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which gives (by using eqs. (fT^ and (l20i) ) 

+gr^^Ald^(5^ - d^A^"" 

= d^.Q"" - gr'^A'^Q^^' - gr''l3\d,Qn + d.A^''' + gr'^A^Q^' - gr'"A'^gr'''/3''Q^' 
+gr^'A^^A^'^ - d^A^"" 

= d,Q^^ - gr'^^'id^Qn - gr'^Algr'^'P'^Q'^'^ 

= d^Q^" - gr'^^'id^Qn + 0(/32). (22) 

Note that A is proportional to /3, see eq. fl2U]) . Hence under an infinitesimal gauge transfor- 
mation (using eq. f|T4|) ) we find from eq. fl22|) 



G^Q') = - gr'^/^'id^Qn (23) 

where we have kept terms up to order 0{(3) and have neglected terms of order 0(/3^), see 
eq. (H. Eq. ([23D gives 

iG%Q')f = id^Qn' - 2gr'%d,QnP\d^Qn = id.Qn^ (24) 

where we have kept terms up to order 0{/3) and have neglected terms of order C(/3^) using 
eq. (jlj). Hence we find 

{GjiQ'))' = {d,Qn' = {Gl{Q)f = (G^iQ) + AG%Q)f (25) 



where we have used eqs. ([9]) and ffTOj) . Using eq. fl23|) we find 



= = ^^'[^^^ ] 



Since from eq. (|8]) 

oc Z?'' (27) 

we find 

Sigr'^'P'id.Qn] oc (/5'^)^ (28) 
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Keeping terms up to order 0{f3) and neglecting terms of order see eq. (jlj), we find 

from eq. fl26|) 

6G%Q2 _ , 6d^ _ , J[G%Q) + AG%Q)] 

SGJiQ) 5AG%Q) 
-"^""^ 6G%Q)^-^ 

where we have used eqs. ([9]) and ([10]). Using eqs. ([25]), ([29]), ([H]) and ([17]) in eq. ([19]) we 
find 



r SG"" i 



^^/d4.[-iF-jQ]-^(G^(Q))^+^W]^+J-Q+^^+'7^-] M + , / d'x\--G^AQ)AG){Q) - —(AG'^JQ)) 

S AG%Q) 6(3 '' 
6 (3d 6G%Q) 



+J-SQ + vSij + vS^] + + ...]. (30) 



Using eq. in ( 15Ui) we find 

^^-^Jd^.J■A J[dQ][d#^P] det(^^^) e^/'^*-[-i^''?.^[Ql-2^(G?«3))^+^W]^+J-Q+^^+.^] 



; /■ rf4x[--G'^(Q)AG'^(Q) - -l(AG^(g))2 + j . + + ^^^j + 



From the above equation we obtain our required identity 



+ .... 



6(3'' 6G'f{Q) 

(31) 



e 



-U'-J-^ ^[dQ][d^(^][d^^J] deti^-^^) I <iM-knAQ]~^iG-fm'+mQ]^+J-Q+v^+v^] 
J 5(3° 

[, I d^x[--G){Q)AG){Q) - ^{AG'}{Q)y + J-6Q + r]6^ + 7]6^] 
+ up-' *G5(Q) ^ ' 

Eq. ( 132]) is the gauge fixing identity by varying the gauge fixing term in Z[A, J, rj, fj\ in the 
background field method of QCD in pure gauge. 
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III. DERIVATION OF GAUGE FIXING IDENTITY BY USING GENERAL 
NON-COVARIANT GAUGE FIXING 



The generating functional in the background field method of QCD with general non- 
covariant gauge fixing is given by 

Z^[A,J,r],r]] = f[dQ][dtlj][dij] det(-^^''^^^ ^ 



where 



= ^ + ar'AlQt) = ^ D,[A]Ql (34) 



is the gauge fixing term in general non-covariant gauges 13|, llJ] with t]^ being an arbitrary 



but constant four vector. By changing Q^^ ^ Q'^ — in eq. ( 133|) we find 

/ d^x[-^F-lM]-js{G'}{Q)f+i,m]i'+J-Q+vi^+v^] (35) 



where 

= ^ {D,[A]Q:) - ^ d,At. (36) 

In QCD (without the background field) the generating functional with general non-covariant 
gauge fixing is given by 



/ d'^x[-\F-%[Q]-.^{G-M)?+i>m]^+J-Q+r)i>+fi^] (37) 



where 



Gl{Q) = ^ d,Ql (38) 
is the gauge fixing term in general non-covariant gauges [l^ . We write this as 

Gl{Q) = GJiQ) + AG}{Q), AG}{Q) = ^ {-gr'^^AlQl + d.Al). (39) 
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Changing the variables of integration from unprimed to primed variables in eq. (135|1 we 
find 



Z^^ \A, J, r/, r/] = e"^/ ^"^^-^ / \dQ\ \d^\ \d^\ 



))2+v9[Q]V+J-Q'+?7'/''+»?V''] 



(40) 



which is similar to eq. ( IT9l) but with GJ{Q) given by eq. (l36l) . 
By using eqs. (IT^ and (!20!) we find from eq. (!36l) 



(^M^" - ar'^A'^Q"" - gr'^l^'id^Qn + d^A-""^ + gr'^A'^Q''^ - gr'^Algr'^'P'^Q^' 



+gr^'A'lA''^ - d^A"'') 

- id.Q^'' - gr''P\d,Qn - gr'^A^gr'^^^^Qn + 1 gr'^T^ ■ A')ir] ■ A^ 



2 {d.Q^'' - gr'^P'id.Qn - gr'^A'^gr'^P^Qn 



7] 

= ^ {d.Q"'' - gr''P\d,Qn) + 0{P'). (41) 

Note that A is proportional to /3, see eq. (120|) . Hence under an infinitesimal gauge transfor- 
mation (using eq. f|T4|) ) we find from eq. (HTj) 

= ^ (^^^" - ^^r'^^/^'i^/^g^')) (42) 

where we have kept terms up to order 0{P) and have neglected terms of order 0(/3^), see 
eq. dD. Eq. (02]) gives 



{G^iQ'))' = (^ d,Qn' - 2gr''^p'-^iv ■ dv ■ Q") (v dv Q^) + 0{P'). (43) 

Keeping terms up to order C(/3) and neglecting terms of order (9(/3^), see eq. (jlj), we find 
from eq. fH3|) 

(G^(g'))2 = (!^ 5^g-)2 ^ (G';^(g))2 ^ (^a(g) ^ AG^(g))2 (44) 
where we have used eqs. (!38|) and ( 139|) . Using eq. ( H2|) we find 

/G^(go _ ^ ^(^[g.g--^r''-/3^(g.g-)]) _ ^ ^^r^^r^, .^a^ _ ^[^/-"'-'/g^c^.g-')] ,, 



(45) 



Keeping terms up to order 0{f3) and neglecting terms of order 0{f3^), see eqs. @ and (l28l) . 
we find from eq. f l45|) 

^^'^^ = ^^'^^^^ = 

-det^SMri + ^^SM^^+ 1 (46) 



where we have used eqs. ([38]) and ([39]). Using eqs. ([S]), ([36]), ([H]) and ([17]) in eq. we 
find 



Z^f[A, J,r/,r/] = e"^/"'*"^-^ / [dQ][di>][d^lj] det(^ 



, t, IT, ^'^G'M) 5/3" 

+ + + + (47) 

where GJi^Q) is given by eq. (136]) . Using eq. (l33l) we find from eq. (ITTI) 

^^-./d^.j.A /rrfgir^^ir^^i det(^^^) e^/'^^-[-i^"^.[Ql-2k(G?(Q))^+^W]^+J-Q+^^+.^] 
J op'' 



[^ J dH--G%Q)AG'}{Q) - -(AG^(Q))^ + J.6Q + nS^P + ,5^] + + ... 

(4J 



From the above equation we obtain our required gauge fixing identity 



[i f d*x[--G}{Q)AG}{Q) - ^{AGjiQ))^ + J-SQ + r]S^ + ^S^P] 

SIS" SG',{Q)^-^ ^ ' 

by using general non-covariant gauge fixing. 

Eq. (119]) is exactly same as eq. ( 132]) in covariant gauge fixing except that GJ{Q) replaced 
by the general non-covariant gauge fixing term given by eq. ( |36]) . This completes the 
derivation of gauge fixing identity by using the general non-covariant gauge fixing. 
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IV. DERIVATION OF GAUGE FIXING IDENTITY BY USING GENERAL 
COULOMB GAUGE FIXING 



The generating functional in the background field method of QCD with general Coulomb 
gauge fixing is given by 

/ d'^x[-lF-l^[A+Q]-:l^{G-{Q))2+i>mA+Q]i'+J-Q+fii^+vii] ^gg^ 

where 

G%Q) = [g^" - ^] {d,Q: + gr'^A^Ql) = [g^'^ - ^] D,[A]Ql (51) 



is the gauge fixing term in general Coulomb gauge [13| with 

= (1,0,0,0). (52) 
By changing Q^-^ Q^, — A!^^ in eq. fl50l) we find 

Z^f[A,J,r^,r^] = e-^l^'^-^-^ J [dQ][#][#] det(^^) 



where 



GKQ) = [g'" - —r] + gr'^AlQl - d,Al) - gr'^A'^A^^ + - gr'\n ■ A'){n ■ A'^) 

= [^^^ - {D,[A]Ql) - \g^^ - d,Al. (54) 

In QCD (without the background field) the generating functional with general Coulomb 
gauge fixing is given by 

Z[J,r/,r/] = \\dQ\m\m\ ^^J.9^Yl'^'^\-\F%AQ\-UGm)?H^m\^^^^^^ (55) 
J op" 



where 



G^iQ) = - ^] d,Ql (56) 



is the gauge fixing term in general Coulomb gauge 



13|. 
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Hence by replacing 




f^] everywhere in the derivations in the previous 



section we find 




(57) 



5 (3d 5G%Q) 



by using general Coulomb gauge fixing. 

Eq. f l57|) is exactly same as eqs. f l32|) (or eq. poj) ) with covariant gauge fixing (or general 
non-covariant gauge fixing) except that G°j{Q) is replaced by general Coulomb gauge fixing 
term given by eq. f l5^ . This completes the derivation of gauge fixing identity by using the 
general Coulomb gauge fixing. 

V. RELATION BETWEEN Z[J,r],f)\ AND Z[A,J,r],ff\ IN PURE GAUGE 
Using eq. (|9]) and (fTOj) in ([6]) we obtain 



where Zqcd[^) ''?] is the generating functional in QCD without the background field. Sub- 
tracting eq. ( l32l) from eq. (fT3|) we find 



^G,+AG,[^, J,^,^] = ^-ijd^xJ-A I [dQ][dllj][dllj] det( 




X Zqcd[J,V,v] (58) 




From eq. ([6]) we denote 



•^background QCD [-A, J, V, V] 



Z'^f[A,J,r],r]]. 



(60) 



Hence from eqs. ([6]), (!59l) and (!60l) we find 
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where the covariant gauge fixing term GJ{Q) is given by eq. ([7]). 

Similarly using eq. f H9|) with general non-covariant gauge fixing we arrive at eq. fl6T|) 
with general non-covariant gauge fixing term G°j{Q) given by eq. (136 p . Using eq. f l57p with 
general Coulomb gauge fixing we arrive at eq. flM]) with general Coulomb gauge fixing term 
^^{Q) given by eq. flM]) . 

Hence we find that eq. (!6T]) is the relation between generating functional in QCD and 
generating functional in the background field method of QCD in pure gauge with covariant, 
general non-covariant and general Coulomb gauge fixings respectively. We have used eq. 



f ET]) in {9] to prove factorization of soft and collinear divergences at high energy colliders. 



We have also used this equation in 10| is to prove factorization of fragmentation function 



in non-equilibrium QCD which can be experimentally applicable at RHIC and LHC 
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VI. CONCLUSIONS 

Establishing a relation between Z[A, J^rj^fj] in the background field method of QCD 
in pure gauge and Z[J, ?7,f/] in QCD can be useful in studying properties of certain non- 
perturbative physical quantities in QCD. However, unlike QED, establishing a relation 
between these two is not easy because the gauge fixing term in QCD is different from 
background field gauge fixing term in the background field method of QCD. For this pur- 
pose we have derived a gauge fixing identity by varying the covariant gauge fixing term in 
Z[A, J, ?7, ff\ in the background field method of QCD in pure gauge. We have made a detailed 
analysis of this gauge fixing identity by using general non-covariant and general Coulomb 
gauge fixing terms. We have found that the gauge fixing identity holds for covariant, general 
non-covariant and general Coulomb gauge fixings respectively. 

Using this gauge fixing identity we have established a relation (given by eq. between 
Z[J,rj,ff\ in QCD and Z[A, J,rj,ff\ in background field method of QCD in pure gauge. We 



have used this gauge fixing identity in jo] to prove factorization of soft and collinear diver- 
gences at high energy colliders. We have also used this identity in [lol to prove factorization 
of fragmentation function in non-equilibrium QCD which can be experimentally applicable 
at RHIC and LHC [11 1. 
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